We show that a self-tuning mechanism of the cosmological constant could work in 5D non-compact space with Z 2 symmetry with scalar kinetic energy term. The standard model matter fields live only on the 4 dimensional (4D) brane. The change of vacuum energy on the brane (brane cosmological constant) by, for instance, electroweak and QCD phase transitions, just gives rise to dynamical shifts of the profiles of the background metric and scalar fields in the extra dimension, keeping 4D space-time flat without any fine-tuning. To avoid naked singularities in the bulk, the brane cosmological constant should be negative. We introduce an additional brane-localized 4D Einstein-Hilbert term so as to provide the observed 4D gravity with the non-compact extra dimension. Without assuming a large hierarchy between 5D and 4D gravity scales, the − 1 r Newtonian potential successfully arise in some parameter range. We show this phenomenon explicitly for the case of vanishing bulk cosmological constant.
The problem of the cosmological constant or the absolute scale of the potential energy has been considered as one of the most important and difficult problems in modern particle physics [1] . In recent years, however, there has been a hope to understand the vanishing cosmological constant in extra dimensional field theories [2, 3, 4] .
In 4 dimensions (4D), the vacuum energy V 0 (= 3M 2 P R) determines the curvature of space-time. The flat 4D space is possible only for V 0 = 0. Thus, in 4D one must fine-tune the vacuum energy to zero to obtain a flat space-time. However, it is more involved in higher dimensional field theories.
In the Randall-Sundrum-II (RS-II) type 5 dimensional (5D) theories with a 3-brane embedded in a non-compact 5D space, the 5D gravity sector contains a 5D cosmological constant Λ b and a brane vacuum energy Λ 1 [5] . For a flat 4D subspace, a fine-tuning relation between Λ b and Λ 1 is inevitable in the simple RS-II model [5] .
However, by introducing a massless scalar field in the bulk, it was shown that a selftuning solution of the cosmological constant is possible in the RS-II type setup [4] .
To guarantee a massless scalar field in 5D, the four-form field strength H M N P Q has been very useful [4, 6] .
In the initial attempts of RS-II type models, one restricted to a finite value for the integration of the warp factor through the extra dimension, so that a finite effective 4D Planck mass is obtained even in non-compact space. Since in the model with the conventional scalar kinetic term in the RS-II setup, the integral of the warp factor turned out to be divergent (or unwanted naked singularities at some points in the bulk arise) [7, 8] , an exotic kinetic term +1/H 2 was employed [4] . However, as shown in Refs. [9, 10] , if one restricts matter fields only on the brane, 4D Newtonian gravity between brane matter could be obtained even with a divergent integral of the warp factor by introducing an additional brane-localized gravity kinetic term.
The above observation of Ref. [9] that the introduction of brane gravity δ(y)M . Especially, we are intrerested in a large bulk gravity mass parameter case. The explicit verification of the self-tuning solution in this paper is composed of several ingredients. They will be succinctly summarized in the conclusion.
Therefore, we consider the following action,
where φ is the dual field of the antisymmetric tensor field, g We take the ansatze for the metric tensor and scalar fields as
where µ, ν = 0, 1, 2, 3, and A is a constant. Eq. (3) trivially satisfies the scalar field equation with the metric ansatz Eq. (2),
With the metric ansatz (2), the 5D Einstein equation leads to
where prime denotes differentiation with respect to y, and
, and a ≡ A 6M 3 5 .
Note that the brane-localized Einstein-Hilbert term does not contribute to the 5D
Einstein equation with the metric ansatz Eq. (2).
Depending on the sign of Λ b , we have three classes of bulk solutions [7] Λ b = 0 :
where the integration constants c, c + , and c − should be determined by the boundary
To avoid naked singularities at some points in the bulk, we should take only the solutions for Λ b < 0 and Λ b = 0 with positive values of c and c − ,
Hence, the brane vacuum energy is required to be negative for Λ b = 0 and Λ b < 0.
In the boundary conditions Eqs. (11) and (12), we note that λ 1 is never fixed by any Lagrangian parameter. Any arbitrary negative value of λ 1 (< 0) allows a 4D flat space-time solution, by adjusting c − in Eq. (11), and c and a in Eq. (12) With the 5D gravity action, the gravity potential − 1 r 2 is naively expected in noncompact 5D space-time. In Refs. [7, 8, 3] , two branes are employed to make the extra dimension compact. However, the introduction of two branes turn out to accompany a fine-tuning relation between two brane cosmological constants if the interval length between two branes is fixed. Moreover, as shown in Ref. [8] , the massless mode of δg 55 is forbidden by two boundary conditions, which means the size of the extra dimension should be fixed. In this paper, instead of employing two branes, we introduce just one brane to get a realistic − 1 r gravity potential. It is possible because the introduction of a brane-localized Einstein-Hilbert term provides a desirable 4D gravity interaction between the brane matter embedded in non-compact extra dimension [9] .
To see it explicitly, we need to consider metric perturbations near the background solutions Eqs. (8) and (10), and examine how the graviton propagator is given in this setup. The relevant perturbed metric near the above background solutions is
where |z| = z 0 dy/β(y), K(z) = 1/β(y(z)). h µν is interpreted as the 4D graviton, while the fluctuation of the warp factor in g µν , i.e. the one proportional to η µν ∼
+F (x, z))η µν , is irrelevant to the 4D graviton. As shown in Ref. [8] , h 55 and the perturbation of the background scalar φ are associated with the perturbation of the warp factor F (x, z). We redefine F (x, z) intoF (x, z) + f (x) and regard onlyF (x, z) as being related to h 55 and fluctuation of φ. We will not consider them in this paper.
f (x) could be interpreted as the brane bending mode [12] . With the gauge choices
η µν h) = h µ5 = 0, the linearized Einstein equations read [8] (µν) :
where ′ denotes the derivative with respect to z, and ∇ 
µν , respectively. Hence, the trace of the graviton should satisfy
and the propagator of h becomes that of the 4D scalar. Hence, the gravity potential by h is a 
Thus, T 55 and f (x) are determined byT b and T 1 . For convenience, we redefine
µν . With Eq. (17) we arrive at an equation for h µν ,
Here, we see the desirable tensor structure of graviton. η µν h. In principle, the case with Λ b < 0 as well as with Λ b = 0 is workable. But we restrict our discussion to only the Λ b = 0 case in this paper, since this case gives an exact solution.
For Λ b = 0, z and K(z) is calculated to give
Note that the brane position y = 0 corresponds to z = 0. Then in 4D momentum space (p, y), Eq. (20) becomes
where k ≡ √ −p µ p µ (≥ 0) and sgn(z) is defined as +1 (−1) for z > 0 (z < 0). Here
. To solve the above equation, firstly we need to solve the equation in the absence of the bulk source. Therefore, for a while we will neglect the bulk source term. As will be seen, the propagator between localized brane sources is not affected by the bulk source, while the propagator between the bulk sources should be modifed [13] .
The exact solution of Eq. (23) is given by Bessel functions of order zero,
The boundary condition determines the relation between the coefficients p(k) and 
where r ≡ ( x · x). Hence, the Newtonian − 
wheret µν (k, k 5 ) is defined with the (inverse) Hankel transformation ofT bT µν (k, z),
Then, the calculation of the left hand side of Eq. (23) gives
wherẽ
The first two terms of (30) coincide with the right hand side of Eq. (23). To cancel the unwanted third term, we just shiftT
It means that the gravity propagation between bulk matter fields, Eq. (28), should be complemented with brane gravity interaction. On the other hand, gravity interaction between brane matter fields is still described by Eq. (26) [13] .
In conclusion, only with the conventional 5D gravity and scalar kinetic terms, we have shown that 4D flat solution is always possible independent of the magnitude of 4D brane cosmological constant in 5D non-compact space with Z 2 symmetry. Since the ordinary SM fields are regarded as being localized at the brane, 4D vacuum energy by them and its variation do not destroy the 4D flatness. To obtain the observed 4D gravity with non-compact extra space, we introduce an additional brane-localized gravity kinetic term, which successfully gives rise to − 1 r gravity potential in some parameter range. There are three ingredients for our solution: (i) The massless scalar with −H 2 is necessary toward a self-tuning solution [6] , (ii) the extra space should be non-compact with a warp factor(the RS-II type model) so that any finetuning condition is not needed [3] , and (iii) the brane-localizedR 4 term is necessary toward − 1 r potential between brane matter fields [9] . While the self-tuning mechanism guarantees the background metric of β 2 η µν , the − 
